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A Study of Lifting Rotor Flapping Response Peak
Distribution in Atmospheric Turbulence

G. H. Gaonkar*
Southern Illinois University, Edwardsville, III.

Studies are made of the peak statistics of rigid-blade flapping responses to atmospheric turbu-
lence at high advance ratios. The rotor model is characterized by a finite dimensional linear system
with periodically varying parameters and with feedback controls. System inputs represent a modu-
lated nonstationary Gaussian process. The response description includes: 1) the ratio between the
total number of peaks and of zero-level up-crossings per period, 2) the ranges of lower level thresh-
olds within which the response process could deviate from being a narrow-band process, and 3) the
accuracy of the approximate formulae of peak distribution conditional on the occurrence of a peak.
The conditional probability density of peak magnitude indicates that high-level peaks which cause
significant damage to system components are most likely to occur within narrow ranges of the azi-
muth angle. The Rayleigh density law provides a satisfactory approximation to this conditional
prpbability density only within such narrow azimuth ranges. A similar approximation by a widely
used narrow-band formula is not satisfactory. Numerical analysis further substantiates an earlier
finding that the flapping response is a quasi-coherent narrow-band process with small phase angle
variance.
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Nomenclature
: nondimensional time
: particular value of t
• azimuth position of fcth blade
= number of blades
= b|ade tip-loss factor
= blade Lock number
= rotor advance ratio
• flapping angle of kth blade
• multiblade flapping coordinates: coning, longi-

tudinal and lateral cyclic flapping
= collective pitch
= inflow ratio or nondimensional vertical turbu-

lence velocity
= angular rotor speed (rad/sec)
= turbulence scale length
= rotor radius
= natural flapping frequency
= vector with components jci,oc2, . ,xp, . . .etc.
= variance matrix of X with elements R(xiXj)(t)
= the standard deviation of xp
= white noise vector
= multiblade coordinate transformation matrix
• unit gust response (0i in Eq. (19a) withX = 1)
= vector of multiblade coordihates
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coning feedback gain
delta-three feedback gain
expectation of the rate of up-crossings (from

below) of the response component xp with
respect to threshold £.

the expected number of peaks of xp per unit
time above threshold level £.

the expected rate of total number of peaks of
xp irrespective of magnitude.

the probability distribution function of the
peak magnitude of xp conditional on the oc-
currence of a peak very close to t or "at t."

the probability density function of the peak
magnitude of xp conditional on the occurrence

of a peak very close to t.
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= n X n identify matrix
= column vector.
= row vector
= approximately equal to

1. Introduction

WITH the advent of high speed pure or convertible rotor
craft and of large diameter propellers in V/STOL aircraft,
the study of blade responses to atmospheric turbulence is
an urgent requirement.1"3 A recent development trend in
helicopters is towards semihinged or 'hingeless' rotors
having large radius blades of composite materials. Such
configurations haye the potential to provide improved ma-
neuverability with greater control power and higher pay
load because of reduced mechanical complexity and be-
cause of optimizing certain nonisotropic structural proper-
ties of fiber reinforced composites.4-5 However, this in-
creased control power is not without the increase of alter-
nating root bencjing moments—leading to fatigue stresses.
Significantly enough, blade stresses often reach their
maximum near the hub, in the very region where pitch
change and blade attachments occur. In general, such so-
phisticated configurations with increased blade number,
hinge constraint, gust loading and advance ratio also ex-
hibit increased gust sensitivity, ride roughness and fatigue
stresses.6'10 A comprehensive probabilistic description of
these problems, at least in basic analytical aspects, re-
quires the response descriptions in terms of root mean
square values, the average rate of threshpld crossings and
peaks including probability density of peak magnitude.

Thus far, the response statistics of rotor blades to gust
inputs include only root mean square values and threshold
crossing expectations.1'2'6'9'10 We also mention in passing
that the quasi-coherent narrow-band features of the flap-
ping response studied by Gaonkar and Hohenemser1 are
based on the threshold crossing expectations, assuming
that the ratio of turbulence scale length over the rotor ra-
dius is extremely large. The present study is advanced
over the preceding related works in several respects: 1) It
considers the average number of flapping peaks per unit
time, and the exact probability density function of flap-
ping peak magnitude conditional on the occurrence of a
peak. 2) It ascertains quantitatively the extent to which
the rotor response is a periodic narrow-band process. In
the sequel a parameter is evaluated, which is the ratio be-
tween the total number of peaks and zero-level up-cross-
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ings per period. This parameter is used to describe the
narrow-band features of the flapping response over one
rotor revolution. For narrow-band processes an approxi-
mate peak distribution arid certain reliability analysis are
feasible with significantly reduced computational effort.
3) With the use of exact peak rates and peak density func-
tions, it provides an appraisal of widely used narrow-band
and Rayleigh density formulae. 4) It provides a computa-
tionally convenient formulation of generating response
peak statistics. Such numerical aspects are of signifi-
cance, since the rotor model represents a periodically
varying system with multi-degrees of freedom of motion
and with various control feedback systems.

For conventional low speed articulated rotors, dynamic
loads from level flight cruising and maneuvering including
unsteady aerodynamics are often adequate for gust loads.
This study does not refer to conventional highly loaded
helicopter rotors, but rather to low-lift high advance ratio
compound rotor craft. In this regime, particularly for
hingeless rotors, gust loadings are predominant.1'2'9'10

Following Sissingh7 we use for these flight conditions lin-
ear quasi-steady aerodynamics which includes reverse flow
but excludes unsteady aerodynamics, nonuniform inflow
and other nonlinear effects due to stall and compressibil-
ity. Extensive wind tunnel tests on frequency response by
Kuczynski, Sharpe and Sissingh8 have shown that such a
linear aerodynamic theory is satisfactory for high advance
ratio hingeless rotors. It is also during such high advance
ratio flight regimes, that the rotor plane gust inputs with
respect to rigid flapping responses are essentially repre-
sented by free atmospheric turbulence9'10 which is ap-
proximately stationary and Gaussian.11

When the response process is noristationary the statisti-
cal methods to assess the structural reliability are still in
developmental stages. As shown in Ref. 12, the flapping
response to atmospheric turbulence is a periodic nonsta-
tionary process. There still is much research needed to
apply the studies of nonstationary response and other
peak statistics to a routine design analysis. However, such
studies would aid the-development of approximate and
yet reliable probabilistic techniques applicable to fatigue,
ride roughness, and other dynamic analyses of rotor
blades. Even though the numerical study is applied to
rigid flapping oscillations, the response peak statistics are
presented in a general format so as to be applicable to lin-
ear variable systems with Gaussian random inputs. With
the feasibility of approximating a wide range of random
loading histories as Gaussian, the developed methods are
also of general interest to linearized dynamic problems of
lifting rotor and V/STOL systems.

2. Variance Matrices of State Vector and Rate of
Change of State Vector

Let X(t) represent a m x 1 state vector of a linear finite
dimensional dynamic system with / degrees of freedom of
motion. In general due to feedback etc. m > 21. Partition-
ing the state vector into Xi(t) and X2(t), consider the
state equation of a m x rn dynamic system under steady
state conditions

A\
21

or in a compact form

X = A(t)X+ B(t)F (Ib)
where Xi represents 21 response components or those state
vector components which are subsequently subject to time
variant linear transformations. A(t) is a m x m state ma-
trix representing the spring and damping parameters of

the system including control feedback; while B(t) is a m
X ri coupling matrix of input modulating functions. The n
X 1 random input vector F(t) belongs to a stationary
Gaussian process with zero mean values and with known
covariance matrix Rrfo ~~ h) or spectral density matrix
SF(CJO). The stationary input process under steady state
conditions is assumed to be generated by a physically
realizable shaping filter system

F = CF 4- DU
which in terms of partitioning vectors
form

(2a)
I and F2 takes the

where C and D are n X n constant matrices and where U
is a n X 1 white noise vector with the covariance matrix
Ind(t2 - t-i). Combining Eqs. (Ib) and (2a) one gets

(3)sun (x
0 " C \\F

which is the steady-state equation of a (m •+ n) X (m +
n) dynamic system with a state vector Z(t). The state
variance matrix of Z(t) or Rzz = E[Z(t) ZT(t)], can now
be obtained from the steady-state solution of the symmet-
ric matrix equation6'12

= RZZ + A(t)Rzz 4- B(t)BT-(t) (4)
the number of unknowns being (m + n) (m + n + l)/2.

For certain types of feedback mechanisms involving
coupling effects between blades as well as in the treat-
ment of rotor-fuselage system it is convenient to introduce
a linear time variant transformation on certain compo-
nents of the state vector. In lifting rotor studies such a
transformation has been referred to as the generalized
multiblade coordinates or complex coordinate representa-
tions.13'14 For simplicity we will assume that the com-
plete response vector X±(t) is expressed in terms of multi-
blade coordinates in real form.13 The formal linear corre-
spondence between the vector Xi(t) and the 21 X 1 vector
ty of blade coordinates is of the form

where M(t) is a 21 x 21 matrix with periodic coefficients
having closed form inverse matrix M~l(t) and derivative
matrix M(,t). By replacing Xi and Xi in Eq. (la) from Eq.
(5), Eq. (3) in an explicit form reduces to

-A^M
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0

flu
021

0
0

012
A>2

(6)

where % represents the transformed state vector. The
transformed state variance matrix equation or R$z obtain-
able from Eq. (6) is analogous to Eq. (4) with Xi. replaced
by ^ and Z by &. From Eq. (5), the response variance
matrix R\x\x\} and the cross-variance matrix R(xiF) are
computed from the relations

t) (7aj
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R ( X i F ) (t) = (7b)
For computing the expected values of threshold crossing

rates it is sufficient to obtain the variance matrix between
xp and JCp? where xp is a typical response component.
Such 2 x 2 variance matrices of different response compo-
nents are submatrices of the response variance R(xixi).
However; the expected values of the peak (or trough) rates
of Xp requires the 3 x 3 symmetric matrix between xp, xp
and Jtp, among which only the three elements R(Xpxp),
R(xpxp) and R(xpxp) are directly obtainable from the re-
sponse variance matrix R(xixi). From a typical row of the
state equation with xi = xp

= x'i = [ a\s \ {*,.} + [bik\ g = 1, 2, . . .m
k =1,2, ...,«,

(8a)
where indexes i arid pare prefixed.

Premultiplying both sides of EcJ. (8a) with xp, xp arid xp
respectively and then taking the expectations, one obtains

R (xpxP) = R(xpxi) = {R( xpxj) [bik\ (8b)

(8c)

and

{«« J +

fe,r = M,...,n. (8<J)
Observe that all the variance matrix elements on the

right hand side of Eqs. (8b-d) are actually contained in
the state variance matrix Rzz>

3. Response Threshold Crossing and Peak Statistics

For direct reference purposes in the subsequent descrip-
tion, of numerical results, we briefly mention three basic
formulations of threshold upcrossing aripl peak distribu-
tion statistics. The first two formulations, due to Rice,
refer to the expected number of threshold up-crossings
and of peaks per unit time. The third formulation, due to
Howell and Lin, concerns the probability density of peak
magnitude conditional on the occurrence of a peak.15-18

The random function under consideration is a typical
component of the response vector of a linear system
subject to feaussian inputs with zero mean values. There-
fore the response vector is also GauSsian with zero mean
values and the response correlation matrix is identical to
the response covariance matrix. In the interest of nota-
tional simplicity, the subtle difference between the sam-
ple functions and the associated random process is also
suppressed. The expected rate of up-crossings of threshold
level f by a response component xp is given by1'17

, t)] = a (3fl) (277 a

exp(-7?
2/2)[exp(-^2)

V 2^/2
~~ r(xpxi) )

1 + erf i / ) j (9a)

where xt is equal to xp and 77 = £/<T(Xp). The error function
erf (6), the correlation coefficient r(Xpxi] and v are

erf (0) = e dt,

With J = 0 in Eq. (9), the expected number of up-cross-
ings per unit time at the zero level simplifies to

E[N{4xp}(0, t}] = (1 -r(xi>xi)
2)i/2v(xi)/(27io(xp)) (9b)

By differentiating both sides of Eq. (9a) with respect to
^, the rate of change of average threshold up -crossing rate
with respect to amplitude level takes the form

r^,)-1 exp ( - 772/2) x

[n exp ( - ^) - (rf^'Mif ' ~ rl)(l + erf i;)]} (10)

The expected number of peaks per unit time above
threshold level £ is given by15

00 0

E[M(XP) (4, t)} = - / dxp f xp PbttZ,) (xp, o, xp, t)dxp
f - . (ID

With x representing the vector with components xp,xp
and xp, the joint probability density function P(xpxpxp)
has the form

where | Ax| is the determinant of the variance matrix of x,
and lAxi" 1 is the corresponding inverse matrix having OLJH
as the (j,k) element. In the study of expectation of peak
rates and of conditional peak magnitude distributions, it
is sufficient to compute an, «is and ass

i 1 == (xpxp) (xpxp)

«13 - [«<*

•))]/! Ax |

if £*/>)'-I/ I j

(xpxp)

(13a)

(13b)

(13c)

By substituting Eq. (13) into Eq. (12) and setting £ = -«
in Eq. (.11), the expected rate of total number of peaks ir-
respective of magnitudes simplifies to

E[M(Txp)(t)]=E[M(xp)(-«>,t)} =

In a sufficiently small time interval (t, t 4- At), the ratio,
Prob. jtwb or more peaks occur ih (t,t 4- At)!/ Prob. {one
peak occurs in (t,t 4- A£)j, has a sufficiently small value.
Further, E[M(xp)(^t)} At and E[M(Txp) (t)]M respective-
ly represent in the interval (t,t + At), the probability of
occurrence of one peak above threshold level £ and the
probability of occurrence of one peak irrespective of mag-
nitude. Therefore, the expression (1 - (E[M(£t)]At/
E[MT(t)&t)\ gives the probability that in (t,t -f At) the
peak is less than or equal to £ given that such a local peak
occurs at t17. Then, the probability distribution function
of peak magnitude conditional on the occurrence of a peak
can be expressed as17

(15)

By differentiating Eq. (15) with respect to J, and consid-
ering Eqs. (11) and (14) the conditional probability densi-
ty of peak magnitude reduces to17

p^ti, t) = eirj-^tan1'2 - aigV(aili/2a33)] x

{exp (- «n42/2) + ^)1/2(<*13/«331/2) x
exp [ - (alt - ai3

2/a3S)^/2] x
[l+erf(2-1/2«33-1/2«134)]} (16)

where an,, ais and #33 are given by Eq. (13). Observe that
P(xP)(%,t) is set to zero when the probability that one peak
occurs in (t,t + At) is exactly equal to zero. For physical
processes, it is plausible that the value of P(*p)(£,t) is al-
most negligible when the occurrence of a peak ih (t,t + .
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> 1.5
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A Without any feedback
• tan 83 = 0.2
O K 0 = 0 . 1

), 0 <

4. Description of the Rotor Model
(18)

For illustrative purposes, consider a lifting rotor model
having three untwisted rigid flapping blades with elasti-
cally restrained flapping hinges at the rotor center. Fol-
lowing Refs. 7 and 13 the linearized equations of the fcth
blade with delta three and coning feedback read

M =

4-rr 67T
(19a)

Fig. 1 Average number of total flapping peaks per unit time.

A£) is very close to being an unlikely event.
In certain peak distribution studies of narrow-band pro-

cesses, it is assumed that E[M(Xf»(£,t)] ~ E[N+(Xp)(£,t)],
and the probability density of peak magnitude conditional
on the occurrence of a peak is further approximated by15

(17)

When E[N+(Xp)(j;,t)] decreases with increasing threshold
levels, which apparently is the case for ideal and non-sta-
tionary narrow-band processes, pup)(fcO from Eq. (17) is
nonnegative. Here the term ideal implies that

JL E [ M { x p } ( £ , t)] = ̂  E[N(+xp)(t, t)]

Another expression which is a special case of the Weibull
density expression is the Rayleigh density law:

j t any feedback (fp =

= 0.2 tn= 13
12.9)

° .2
^

O Without any feedback (fp = 171)
- fan S3 = 0.2, tp-- 173

fp = 17'Ko'0.1,

(b)

and

C7Q =

= -tan63/3 f c (19b)

^o - - #o o S /3fe; fe = 1, 2 and 3 (19c)6 k
where P represents the blade flapping restraint parameter
which is equal to one in the free flapping case; and P12,
the natural flapping frequency. For blades with root re-
straint the value of P is larger than one, increasing with
decreasing rotor angular speed. Hence forth, 12 will be
normalized to unity so that the period of one rotor revolu-
tion is 2ir and the azimuth position of the kih blade in
terms of a nondimensional time unit t is given by

^k=JL(k-l)+t9 k = 1, 2, and 3 (20)
«3

The time variable system and input parameters in Eq.

0.2r

O Exact, Equation (16)
• Rayleigh Law, Equation (18)

Equation (17) ,

Fig. 2. Average threshold up-crossing rate variations at the
Fig. 3 Comparisons of the probability density of the peak
magnitude without feedback conditional on the occurrence of
a peak at t = 12.9.
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( Legend as in Fig. 3)

tp = 17,1
(Without any feedback)

10 12 14

Fig. 4 Comparisons of the probability density of the peak
magnitude without feedback conditional on the occurrence of
a peak at t = 17.1.

(19a) are dimensionless, periodic functions, continuous
but nonanalytic. In particular, k(\f/k) and c(\f/n) are aerody-
namic blade stiffness and damping functions; mmMk)
and m\(\f/k) are modulating functions to collective pitch
and inflow excitations. For further details on the listings
of these functions applicable to different flow regions, see
Ref. 7.

While considering the rotor system with coning feed-
back, Eqs. (19a) and (19c), we express the flapping re-
sponse components 0i, 02 and 03 in terms of correspond-
ing multiblade flapping coordinates—namely, the coning
angle 0$, the longitudinal and lateral cyclic angles 0i and
0n. Referring to Eq. (5), the particular transformations
matrix is:13

M(t) =

cos

COS

cos

sin

sin

sin
(21)

whose closed form inverse matrix simplifies to
1 1 1

2 cos^ 2 cos^2 2 cos^3 (22)

2 sin^ 2 sin^2 2 sin^3

where ̂  is given by Eq. (20).
It is observed in passing that Eqs. (19a) and (19b) are

also applicable to multibladed models. Due to the absence
of coupling effects between blades such systems could be
treated with the single blade analysis. However, in the in-
terest of uniform comparison with the study of Eqs. (19a)
and (19c) using the transformation in Eq. (21), the discus-
sion of all numerical results will be restricted to three-
bladed configurations.

5. Numerical Scheme

This study refers to rigid flapping responses at a high
rotor advance ratio due to free atmospheric vertical turbu-
lence velocities at the rotor centre. Three bladed rotors
with zero feedback and with delta-three feedback com-
prise the first two numerical examples and are treated
with the single blade analysis. The state representation is
given by Eq. (19a) with k = 1; 0o is set to zero with zero
feedback and 0o is replaced by Eq. (19b) to include delta-
three feedback. The stochastic model of vertical turbu-
lence velocities X in Eq. (19a), is identical to the one de-
veloped in Ref. 1, in which, as an approximation to the

Taylor-von Karman expression, an exponential spectrum
is assumed. Under steady-state conditions the scalar
shaping filter system is given by Eq, (2a) with F replaced
by the scalar X, and where C = 2fi/(L/R) and D = 2(/*/
(L//?))1/2. In the third numerical example, a three bladed
rotor with coning feedback is treated; the original state
equation is obtained from Eq. (19a) with k = 1, 2, and 3
and with m = 21 = 6. The transformed state equation in
terms of blade coordinates is obtained when the response
components-/Si, f a , and #3 are expressed in terms of 00> 0i
and 0ii using the transformation according to Eq. (21),
and by replacing 00 by KQ0Q.

The system parameter functions c(^/e), fc(^fc) etc. in Eq.
(19a) were approximated by finite Fourier series with a
truncation error less than 0.01%. As observed earlier,
these system parameter functions, though nonanalytic,
are continuous functions of the azimuth angle. Therefore,
the Fourier series approximations should be viewed in the
context of simplifying the algebra and other programming
details of response peak rate expectations. A Runge-Kutta
method is used to integrate the state variance matrix Eq.
(4). However, when blade coordinates are used, the solu-
tion refers to the transformed state variance matrix equa-
tion obtained from Eq. (6), followed by additional matrix
manipulations according to Eq. (7). The response process,
though nonstationary; is periodic under steady state con-
ditions.6'12 Therefore the threshold crossing and peak sta-
tistics of 0i are presented only during the steady state
third revolution. #(0i/?i), #(0i/h), and #(/h/h) are directly
available from the state variance matrix; the other three
elements J?(/SI|D, /2(/?i0i) and #(/3i#i) are computed ac-
cording to Eqs. (8b-d). Having thus obtained the six ele-
ments of the symmetric variance—covariance matrix be-
tween j#i,/3i and j8i, the three elements of the correspond-
ing inverse matrix, an, ais and #33, are obtained from
Eq. (13), which are required to evaluate Eqs. (14) and
(16). A numerical quadrature based on Simpson's formula
is used to compute the total number of threshold up-
crossings and peaks per rotor revolution.

6. Discussion of Computer Results

In combination with the input parameters L/R = 12
and ff\ = 1 the graphically presented numerical results are
for the system constants: /u = 1-6, 7 = 8, B = 0.97, P =
1.15, tan5s = 0.2 and KQ = 0.1. The flapping system is
well within the stability region without or with the inclu-
sion of delta-three or coning feedback system.13

(Legend as in FigJ)

tp=13
tan S3 =0.2

Fig. 5 Comparisons of the probability density of the peak
magnitude with delta-three feedback conditional on the occur-
rence of a peak at t - 13.
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Fig. 6 Comparisons of the probability density of the peak
magnitude with delta-three feedback conditional on the occur-
rence of a peak at t = 17.3.

Figure 1 shows the expectation of the total number of
peaks per unit time according to Eq. (14). In the single -
blade analysis with zero feedback, two sharp peaks or
spike shaped local maxima of E[M(T0i)(t)] occur at 12.9
and 17.1. Similar spike shaped local maxima occur at 1-8.0
and 17.3 with delta-three feedback, and at 12.95 and 17.2
with coning feedback. For these three cases in general,
one of the locations of sharp peaks is about a quarter
quadrant after the aft position which is at t = 0, 2?r, 4^,
. . . , etc; the second location is close to the center-position
of the reversed flow region when the azimuth position cor-
responds to 3?r, 57T, . .., etc. The area under the curve in
figure 1 is concentrated within two narrow ranges of the
azimuth angle, each range being centered at about the
location of the local maximum of E[M(Tpi)(t)].

From Fig. 1, it is evident that most of peaks are likely
to occur within narrow ranges of the azimuth angle. We
also mention that the absolute value of the response to
unit gust, or |y(0i)(0,0|» and the standard deviation of the
response, or (7(/?i)(£), have two local maxima per period
and that the locations of these maxima are very close to
those of E[M(T0i)(0].6'13 Further, the variation of
E[M(T0i)(t)] is similar to that of E[N+(01)(Q,t)]^^ which
also exhibits two sharp peaks per period. These observa-
tions concerning the spike shaped distributions of
E[M(T0i)(t)] within particular azimuth-ranges further
subtantiate an earlier finding that the flapping response
to gust inputs is a quasi narrow-band process with small
phase angle variance. In other words, for finite values of
L/R, peaks can occur at any azimuth location, with the
most likely occurrences close to those for L/R = oo1.

Independent of the inclusion of feedback controls, the
total number of peaks per period is close to 1.3, which is
the area under the corresponding curve in Fig. 1 between
4ir and GTT. It is known that the total number of flapping
up-crossings of zero-level is equal to one per period.1'6 Be-
cause in one rotor revolution, the ratio of total number of
peaks to total number of zero-level up-crossings is much
less than 2, the flapping response process could be ap-
proximately treated as a narrow-band process. In conjunc-
tion with this approximation the fact that the values of
E[M(T0i)(t)] are concentrated within two narrow azimuth-
ranges per period can also be expressed by stating that the
peak values for large numbers of response sample func-
tions occur within one of these ranges. However, the ob-
servation that the total number of peaks is about 30%
higher than the total number of zero-level up-crossings
per period merits further discussion. This observation in-

dicates that the flapping response process slightly deviates
from a narrow-band process and that the occurrence of
more than one peak per period for a small number of sam-
ple functions is plausible.

For a nonstationary process, a ratio of E[M(T0i)(t)]/
E[N+(0i)(Q,t)] which is considered small enough to justify
a narrow-band assumption has not been established; nor
are the limiting values of this ratio known when either a
Rayleigh or a Gaussian approximation is justifiable.19

Therefore we consider three related aspects of the re-
sponse process 1) the ranges within which the response
deviates from a narrow-band process, 2) the extent to
which the Rayleigh density law and the narrow-band ap-
proximation according to Eq. (18) provide a satisfactory
approximation of P(0D (£,£), and 3) the description of
P(/?i)(£0 during one rotor revolution to further investigate
the quasi narrow-band features of the response. For a
quantitative description we stipulate that thresholds less
than or equal to 0.2 [(ff(0i))]max are lower level and in the
neighborhood of [(^lOWx or greater are higher level,
where [(cr(0i))]max refers to the absolute maximum of
0(0i)(t) in one rotor revolution. It is mentioned in passing
that [(o-(#i))]max is equal to 7.4 in the first example with
neither delta-three nor coning feedback and for the re-
maining two cases (o-^iOmax is close to 5.4. In Figs. 2-8,
tp represents two particular azimuth locations at which
the sharp peaks of E[M(T0i)(t)] occur. As observed earlier
most of the peaks are likely to occur within the neighbor-
hood of these two azimuth positions. Figure 2a shows that
in the first example E[N+(0i)(£,t)(S,l2M)] does not de-
crease with the increase in £ up to £ < 1.5. Also, a similar
variation up to £ < 1 is observed in E[N+(^)(^t)(^ll.3Q)l
see Fig. 2b. From Figs. 2a and 2b, it is evident that up to
certain lower level thresholds, depending upon particular
configurations, E[N+(0i)(£,t)(£,tp)] does not always de-
crease with the increase in £. Consequently, up to such lower
level thresholds, the rate of change of E[N+(0-L)(£,t)(£,tp)]
with respect to £ is not always negative. This means Eq. (17)
is not applicable up to certain lower level thresholds, for this
would violate the non-negativity requirement. For the con-
figurations studied, such lower level thresholds are smaller
than 0.2(d(/3i)(0)max in magnitude.

In Figs. 3-8, the values of P<0i) ( fcfp) from Eq. (16) are
shown, and they are compared with the corresponding
Rayleigh and narrow-band approximations, Eqs. (18) and
(17). In particular, Figs. 3 and 4 show the variations of
p(0i)(£,12.9) and p(0i)(£,17.1) for the first example with
zero feedback. Although it appears from Fig. 4 that ap-
proximation from Eq. (17) is satisfactory, Fig. 3 clearly
shows that this approximation could introduce substantial
errors—even within the ranges of higher thresholds. How-

Fig.3)

Fig. 7 Comparisons of the probability density of the peak
magnitude with coning feedback conditional on the occurrence
of a peak at t = 12.95.
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0.12 -
(Legend as in Fig 3 )

0

Fig. 8 Comparisons of the probability density of the peak
magnitude with coning feedback conditional on the occurrence
of a peak at t = 17.2.

ever, the Rayleigh density expression is in excellent agree-
ment with the exact formula from Eq. (16). Similar con-
ditional probability density functions of peak magnitude
shown in Figs. 5 and 6 refer to the second example with
delta-three feedback. Here also the approximation given
by Eq. (17) is not satisfactory, whereas results from Eq.
(18) are almost indistinguishable from the exact results.
The nonapplicability of Eq. (17) up to £ < 1 in
p(jgi)(£,17.3) is consistent with Fig. 2b in which (d/
d£)E[AT(+/3i)(£,17.3)] is not negative up to £ < 1. Figures 7
and 8 referring to the third example with coning feedback
also show that Eq. (17) is not satisfactory and that the
Rayleigh density law is almost equivalent to the exact for-
mulation for the selected tp values.

Because approximations of the type given by Eq. (17)
are used in the peak statistics of "narrow-band type" pro-
cesses and because one such approximation seems to in-
troduce substantial errors in the present study, certain
general comments in this context appear in order. Above
the ranges of certain lower level thresholds, the integrated

o.r ——— Exact, Equation (J6J
----- Rayleigh Law, Equationfi

f -9

0.2 -

0.1 -

c^-0.1 -

0.2

0.1

4TT 5TT 6ir

Fig. 9 The conditional probability density of the peak magni-
tude and the Rayleigh density law for different azimuth loca-
tions.

Table I Parameter combination.

= 1.6, B = 0.97, N = 3, L/R = 12 and 32, <rx = 1

7
P

tan 63
Ko

4
1.15
0.2

0

4
1.15

0
0.1

8
1.3
0.2
0

8
1.3

0.1

8
1.15

0
0

8
1.15

0
0.15

value of E[N(+0i)(£,t)] over one rotor revolution seems to
provide a good approximation to the corresponding total
number of peaks. It is in general difficult to assess the
quantitative "error in approximating E[M(^}(^,t)] by
.E[A/+(#1 )(£,£)]• The present study however shows that the
approximation of d/d£ E[M(0i)(&t)] by (d/d&
.E[M+(01 >(£,£)] at t = tp is not satisfactory for rotor re-
sponse processes. After all, the comparison of Eq. (17)
with Eq. (16) is essentially a comparison between (d/d%)
E[M(0i)($;,t)] and (d/df) E[N+(0i)(%,t)], because
E[M(T0i)(t)] and E[7V+(0i)(0,0] at t = tp could be treated
as corresponding scaling constants, though differing in
magnitude.

For the third example with coning feedback, Fig. 9
shows P(0i)(£,0 between 4ir and 6;r for high level thresh-
olds 5-7, and 9. The values of p<0i)({,£) from Eq. (16) ex-
hibit two bell shaped distributions centered at about the
locations of the local maxima of <f(0i)(t) or E[M(T0-L)(t)]*
With increasing thresholds one of the bell shaped distri-
butions disappears and only the primary distribution cen-
tered at the location of [(ff(#i)(0)]max remains. The varia-
tion of P(0i)({,0 during one rotor revolution is somewhat
similar to that of E[N+(0i)(£,t)]. However, unlike
£[A/+(0i )(£,£)], the values of P(0i)(£,£) are symmetrically
distributed and are concentrated within much narrower
azimuth ranges. Also the area under the curve in Fig. 9
between 4;r and 6ir is about 35 to 40% less than the corre-
sponding area with respect to E[AT+(0i )(£,£)]• For high
level thresholds, the fact that values of P(0i>(£,£) are con-
centrated within two extremely narrow azimuth ranges is
consistent with the quasi-narrow-band features of the re-
sponse process.1 From Fig. 9, it is evident that the Ray-
leigh density law is a good approximation to P(0i)(£,0
from Eq. (16) only within narrow azimuth ranges and not
for all azimuth locations. However, as observed earlier,
most of the peaks are likely to occur within such narrow
azimuth ranges.

The over-all findings of this study were further substan-
tiated by an additional set of computations. The particu-
lar parameter values assumed for the stable three-bladed
configuration are shown in Table 1.

7. Conclusions

The study of blade response statistics due to atmo-
spheric turbulence has been extended here to include the
expectation of total number of peak rates, the probability
density functions conditional on the occurrence of a peak,
and to provide a general method of appraising approxi-
mate peak distribution formulations. Computationally,
the exact treatment of this conditional probability density
of peak magnitude is essentially no more involved than
the corresponding methods using (d/d£) £[M(0i >(£ ,£)] —
(d/d£) E[N+(pi)(%,t)]. It is shown that such an approxima-
tion which also leads to probability density functions con-
ditional on the occurrence of a peak, is not satisfactory for
rotor response processes.

The following detailed conclusions are based on the
study of a linearized dynamic problem of a lifting rotor
with three rigid flapping blades having elastically re-
strained flapping hinges at the rotor centre, and with con-
'ing or delta-three control feedbacks, assuming high ad-
vance ratio and low-rotor lift flight regimes with uniform
inflow on the rotor disk:



FEBRUARY 1974 LIFTING ROTOR FLAPPING RESPONSE PEAK DISTRlBUf ION IN TURBULENCE 111

1) Within the ranges of lower-level thresholds, the peri-
odic response process could deviate from being a strictly
narrow-band process in the sense that the rate of change
of an average threshold crossing rate with respect to
threshold is not negative. The magnitude of such lower
level thresholds is less than 0.2[o-(/gi)]max. This finding is
of significance in the studies of cumulative damage and
vibration control which are practically independent of low
amplitude responses.

2) In phe rotor revolution, the total number of flapping
peaks is much less than 2; it is about 25 to 35% higher
than the total .number of zero-level upi -crossings which is
equal .to one. The flapping response process, excluding in
certain cases small ranges bf lower level thresholds, could
adequately be represented by a periodic narrow-band pro-
cess. Hence, further development of the stochastic treat-
ment of blade reliability analyses concerning fatigue and
ride roughness becomes relatively simplified.20

3) The changes in the values of Lock number, flapping
frequency parameter arid gain factors do hot appreciably
alter the over-all stochastic features of the flapping re-
sponse process, particularly concerning a) the variations
in the average number of total peaks per unit time, b) the
total number of peaks and of zero level up-crossirigs per
rotor revolution and c) the ranges of lower level thresholds
within which (<9/d£) E[N+ (0i >•({,£)] could be positive.

4) The areas under the curves of p(&L)(£,0 for high level
thresholds and of E[M(T0i)(t)] are concentrated within'
two narrow azimuth-ranges per period which are centered
at about the locations of the local maxima bf J;y.(0iy(0,£)|.
This observation further substantiates ah earlier finding1

that the response belongs to a quasi-coherent narrow-band
process with small phase angle variance. High leVel peaks
which cause significant damage to a structure15*2^ are
most likely to occur within Such narrow azimuth-ranges.
Within and only within these two narrow azimuth-ranges,
the Rayleigh density law is a satisfactory approximation

The preceding analysis remains valid for more compre-
hensive linear models of lifting rotor and input systems.
However, under non-stationary random responses, the
analyses and interpretation of reliability models on fa-
tigue, rid£ roughness and response excursions are still in
initial stages;20 In spite bf such gaps and other limitations
due to linearization, the present study appears to be ade-
quate to provide a quantitative description of the response
process concerning peaks and narrow-band features. Par-
ticularly with the benefit of experimental results this
study would also aid the development of realistic structur-
al reliability models for unloaded rotors operating at high
advance ratios.
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